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On Alphatrion’s Conjecture about Hamiltonian
paths in a hypercube
Steppan Konoplev
1 Introduction
Alphatrion conjectured [1] that it is possible to label the vertices of an n-
dimensional hypercube with distinct positive integers such that for every Hamil-
tonian path a1, . . . , a2n , we have ai + ai+1 prime for all i. For a labeling of the
vertices V of a graph by a function L : V → N, let the edge sum of an edge uv
be L(u) +L(v). We prove that a graph G = (V,E) can be labeled with distinct
positive integers such that the edge sum for all e ∈ E is prime if and only if G is
bipartite. Since the hypercube graph Qn is embeddable in the bipartite graph
K2n−1,2n−1 , this settles Alphatrion’s conjecture in the affirmative.
2 Proof of General Theorem
Any graph not embeddable into Km,n for some m,n is not bipartite, hence
it contains an odd cycle [2]. Suppose the vertices in that cycle are labeled
a1, . . . , ak. Then 2(a1 + · · ·+ ak) = (a1 + a2) + · · ·+ (ak + a1) is both even and
the sum of an odd number of primes. Thus, one of the primes must be 2, which
is only possible via 2 = 1 + 1. But the vertex labels are distinct, so this cannot
happen.
To labelKm,n, let a, a+d, . . . , a+Ld be an arithmetic progression of primes with
L ≥ 2mn− 2m− n+3; such a progression is guaranteed to exist by the Green-
Tao Theorem [3]. Represent Km,n as A ∪ B where A = {a0, . . . , am−1}, B =
{b0, . . . , bn−1}, and there is an edge between ai and bj for all i, j. Let c =
a + (mn − m − n + 2)d and let ak = (k(n − 1) + 1)d, bk = c + kd. Then
ai+bj = a+(mn−m−n+3+ j+ i(n−1))d and mn−m−n+3+ j+ i(n−1) ≤
mn−m− n+ 3+ j + i(n− 1) ≤ mn−m− n+ 3+ (n− 1) + (m− 1)(n− 1) =
2mn− 2m− n+ 3 ≤ L, so all edge sums are prime. Furthermore, ai ≤ am−1 =
(mn−m− n+ 2)d < c = b0 ≤ bj, so all edge labels are distinct.
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